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Pressure Distribution on a Rectangular Wing with a Jet
Exhausting Normally into an Airstream

P. T. WOOLER,* G. H. BuRGHART,f AND J. T. GALLAGHERj
Northrop Corporation, Nor air Division, Hawthorne, Calif.

The interaction between a jet exhausting normally from a lifting surface into a uniform
airstream is explored theoretically and experimentally. A theoretical model of the flow is
discussed in which the entrainment of the mainstream fluid by the j et is accounted for di-
rectly, without recourse to an empirical equation for the jet centerline. Making use of the
observation that the jet deforms from a circular cross section into an elliptical cross section
as it progresses downstream, the continuity and momentum equations are solved to provide
the jet path. The velocity field induced by the jet is then determined by replacing the jet
by a sink-doublet distribution. The distribution of sinks represents the entrainment effect
of the jet, and the doublet distribution represents the blockage effect of the jet. Lifting sur-
face theory is used to predict the loading on the adjacent lifting surface. The theory does
account for the three-dimensionality of the problem, and there is good agreement between
theory and the results of an experiment conducted on a 10% thick straight wing at AR = 3.

Nomenclature

loading coefficient matrix
jet cross-sectional area
aspect ratio
wing span
wing chord
circumference of jet cross section
crossflow drag coefficient of jet
pressuse coefficient
length of major axis in elliptical representation of

jet cross section
influence matrix
transpose of D
entrainment coefficients
influence function
velocity ratio Ujo/U
sink strength of jet element/unit length in rj direc-

tion
reference point
orthogonal projection of P on the Z = 0 plane
local jet radius of curvature
coordinate along jet centerline
wing surface area
thrust of jet
mainstream speed
jet speed
induced velocities in the £, 77, f directions due to a

doublet
induced velocities in the X,Y,Z directions due to

sink distribution
induced velocities in the X}Y,Z directions due to

doublet distribution
induced velocity in the X,Y,Z directions due to

sink plus doublet distributions
downwash matrix
coordinate system defined in Fig. 1
X,Y coordinates of a downwash control point
wing loading
increment of arc of jet centerline

0 = angle defined in Fig. 1
fji, = doublet strength
p — density of jet and mainstream fluids
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Subscripts
0 = conditions at the jet exit
p = reference point

Superscripts
* = nondimensional value
' = first derivative with respect to z
" = second derivative with respect to z

Introduction

THERE is considerable interest in airplanes with- the
capability of taking off and landing in a short distance.

One method of achieving such performance is to use lifting
jets or fans installed in the wing or fuselage of the airplane
which exhaust at right angles to the direction of flight.

In the transition phase of such flight, important jet on
airstream interference problems arise. It has been demon-
strated experimentally that in the transition phase the jet
induces asymmetric pressure loading on the surface from
which it is exhausting. The pressure loading can adversely
affect the lift and pitching moments on the airplane. The
development of a satisfactory theoretical model of this type
of flowfield is therefore desirable to assist in the design of
V/STOL airplanes, and to enable a satisfactory wind-tunnel
correction method to be developed for powered lift wind-
tunnel testing.

A number of people have experimentally studied the flow-
fields in the vicinity of the jet exhausting from a surface.1"4

There has been very little theoretical work published to
date,5"7 and a satisfactory model of the flow has not been
put forward. An extensive theoretical treatment has been
made by Monical.8 He reduces an empirical equation for jet
centerlines, and then replaces the jet by a vortex lattice
flared at the downstream end to simulate flow in the jet.
The assumption of the path location and the lack of en-
trainment effects, however, limit the effectiveness of the
method as a theoretical model.

In this paper, a model is suggested which includes the en-
trainment of the mainstream fluid in the analysis. After
making certain assumptions, based on experimental observa-
tion of the jet geometry, the equations of motion determining
the growth and displacement of the jet are solved numeri-
cally. With a suitable choice of the entrainment parameters,
the calculation of the jet centerline is in good agreement with
experimental results. The interference effects between the
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JET CENTER-
LINE

Fig. 1 Coordinate systems.

jet and the lifting surface are accounted for by distributing
sinks and doublets along the jet. The sink strengths are
made proportional to the mass of air entrained, and the
doublet strengths are such as to represent the blockage effects
of the jet. From this distribution of sinks and doublets the
down wash field induced at the lifting surface is predicted.
By treating the downwash distribution as an effective sur-
face camber, it is possible to use lifting surface theory to pre-
dict the induced pressure distribution on the wing. It is
also possible to account for the induced flow parallel to the
wing by altering the freestream-induced component by the
amount predicted from the sink doublet distribution. This
permits the effects of the jet on the loading distribution to
be computed, and the predicted loadings are shown to be in
good agreement with experimental results.

Equations of Motion

When a j et exhausts at an angle into a uniform mainstream,
it is deflected partly by viscous entrainment and partly by
pressure forces on the jet boundary. It is assumed that the
flow is incompressible and nonviscous except that viscosity
is the mechanism that causes entrainment; then dimensional
considerations suggest that the entrainment of mainstream
fluid into unit length of the jet may be written

E = pEiUd cos0 + - U sin0)(7
1 + E*U (1)

A fluid particle approaching the jet and near the plane of
symmetry will be more easily entrained by the jet than a
particle that is moving away from the jet. The suscepti-
bility of the approaching particles to jet entrainment is
accounted for by the term EiUd cos0 in expression (1). Par-
ticles moving away from the jet or to its side with momentum
not directed towards the jet are less tolerant to jet entrain-
ment. The term

pEi(U,- - U sin0)C
1 + E*U

takes this into consideration while satisfying the Ricou-
Spalding solution for the freejet case when U = 0.

The pressure force acting on a jet element of unit length is

s20d (2)

CD being the crossflow drag coefficient of the jet.
The equations of motion can now be written using the

coordinate system defined in Fig. 1.
Equation of Continuity

p(d/d*)(AjV,) = E

Momentum Equation

P(d/ds)(AjUj
z) = EU smd

Force Equation

EU cos0 + CD ̂ pU2 cos20d

pA,-U*X"/[l + (X')2]3/2

(3)

(4)

(5)

Replacing d/ds by cosB(d/dZ) in Eqs. (3) and (4) reduces the
problem to one of finding dy Uj, and X as functions of Z and
the parameters Ei} Ez, E^ and CD. To do this, it is necessary
to establish the functional relationships Aj[d(Z)] and C[d(Z)]
from the geometry of the jet growth.

Experimental observations1 show that there is a region in
which the jet deforms from its initial circular cross section
into a kidney-shaped one. Reference 3 points out that once
this shape is attained, the jet cross section remains relatively
similar in shape. It did not appear possible to account for
the exact jet shape and the trailing vortices which control it,
so a simplified jet shape, an ellipse, was selected. Experi-
mental data6 indicate that the initial growth of the jet is
approximately linear; and correlations of data have indi-
cated that the extent of the region in which the jet shape is
deforming is a function of the jet exit to mainstream velocity
ratio UJQ/U. This may be written 0 < ZU/dQUjQ < 0.3
when Z/dQ > 0.3 Ujo/U observations show that the best
fit of the jet cross section with an ellipse is one with a ratio
of minor to major axis of J. Therefore, the geometry of the^
jet was treated in two regions:

1) A region in which the jet has an elliptical cross section
and the ratio of minor to major axis decreases linearly from
1 at Z/d0 = 0 to i at Z/dQ = 0.3U/0/*7. Thus, we have

minor axis/major axis = 1 — [%(Z/dd)(U/Uw)]

C =

~ ~

5 Z U \ d

(6)

From the preceding expressions it is seen that for a given
nonzero jet exit velocity as U —>• 0 the development region
becomes 0 < Z/dQ < » and the jet retains its circular
cross section, which is to be expected since the jet is then
exhausting into quiescent surroundings.

2) A region in which the jet retains a similar elliptical
cross section with

minor axis/major axis = \
C = 2.24d > 0.3 (7)

Integration of the Equations of Motion

Substituting the geometric parameters from expressions
(6) and (7) into Eqs. (3-5) the nondimensional form of these-
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equations is easily obtained. The equations become

dn* f E2^- = \Ei cos. + l ^ c , / T T „ XdZ X

[[WiXi
sin. —

(8)

JHt
i cos0 E3 cos6/Uj*m (mUj* - sin.)7r X + [1 d* 5^c

m cos. 8

dZ*) 2
_5Z_*
2 m

P = [1 + (i
0.5Cz>) cos.

- f (Z*/m)]

7rm2d*

dd* _
~dZ*

16 cos.

TJ* cos.

. cos. +

l!i cos.
1 +

^2
1 + Es co$d/Uy*m

cos./i[7/*ra

- sin.)2.24 -

- sin.)2.24J [sin. - mU*]

m cos.d*

(7r/8)m
/j r~ /fjv%
— \l+ ( ——
y*2 L W* cos. .1 + #3 cos0/Uj*m - sin.) 2,:.241

cos .

(10)

(U)

(12)

(13)

Equations (8-10) are to be used when 0 < Z*/m < 0.3 and
Eqs. (11-13) are to be used when Z*/m > 0.3.

Writing

1
(dX*/dZ*)*]1'*

dX*/dZ*

cos. =

sin. =

we see that the preceding group of equations represents a set
•of differential equations to be solved for Uj*, d*, X* as func-
tions of Z* and the parameters Ei} E2, E$, and CD. It has
not been possible to integrate these equations in closed
form, but they have been integrated numerically with the
aid of a digital computer using a Taylor series expansion
method.

It was necessary, prior to the integration, to establish values
for the parameters Ei, 2£2, Es, and CD. E2 was determined
by considering results for a free jet.8 When U — 0, Eqs. (3)
and (4) reduce to

for a number of different values of Ei and Es. EI and E$
were finally chosen at the values giving good correlation
between experimental and theoretically determined jet
centerlines, as shown on Fig. 2.

The final set of parameters used in the integration was Ei =
0.35, #2 = 0.08, #3 = 30, CD = 1.8.

Calculation of the Velocity Field
To get the jet interference velocity field, the entrainment

of mainstream fluid into the jet is replaced by a uniform
sink distribution along the jet axis normal to the oncoming
mainstream (Fig. 3). The integrated strength of this sink
distribution is given by expression (1).

(d/dZ)(AjU3) = EJJjC
(d/dfy&Ufi = 0

C = ird
A,- = 7rd2/4

It is easily seen that Eqs. (14-17) imply

dd/dZ = 4#2

.-so that

(14)
(15)
(16)
(17)

Fig. 2 Jet center lines.

AjQUj0d(Z/d0) ~"

Ricou and Spalding9 have measured the entrainment by
the freejet and showed that the rate of change of the in-
tegrated jet momentum with distance along the jet was con-
stant and equal to 0.32. Then, to get the correct develop-
ment of the jet when U = 0, E^ must be set equal to 0.08.

The drag coefficient CD for the jet was obtained by assum-
ing the jet was a solid, elliptical cylinder with a CD = 1.8.
"With these values of E% and CD, the equations were integrated
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SINK DISTRIBUTION

Fig. 3 Sink and doublet distributions on jet path.

The blockage effect of the jet is represented by a doublet
distribution along the jet centerline (Fig. 3). The strength
of this distribution of doublets is obtained from the coefficient
of the l/z term in the complex velocity potential expansion
W(z) for the two-dimensional flow past an ellipse as pre-
sented in Ref. 10. By replacing the jet with a doublet dis-
tribution, wre are effectively considering the flow past an
equivalent circular cylinder. Thus, near the jet itself we
do not expect to get good representation of the flow, although
this could be improved by including more terms of the ex-
pansion.

Consider an element of the jet, length 5s, centered at
(X,Q,Z).. The sink strength/unit distance in the rj direction
will then be given by

m = \EiUd cos0 + I + (U, - U sin0)C1 J!i
J d
(18)

With the help of Fig. 1 we see that the induced velocity at a
point P(XP,YP,ZP) due to a sink element of length drj will be

m drj
- xpy (19)

The induced velocities in the direction of the axes X, Y, Z
are then seen to be

__________mdr,(X - Xp)_________
Zpr + (X - X»Y + (Y, + 1?)2]3'2

mdri(Yll + •>})__________

and

(X -

mdr](Z - Zp)

(Y,

4ir[(Z - (X - (Y9
^213/2

respectively.
Integration of the preceding expressions over the range

d/2 < T] < d/2 results in the following equations for the
induced velocities 8uS) dvs, dws at P due to the sink effect of

a jet element:

mdus = —
X - Xp X

[icrr - (d/2)
(x - xpy + (Yp -

YP + (d/2) __

5vs

5w,

[(Z - Zp)

- -T-X47T

r
l_{(z-z,)*

{(z - zpy
m
47T [(Z

\

^+(X-

+ (Z-;

+ ( X - 3

(Z-
- z,)2 +

F p -

Zp)2 + (Fp + d/2)2]1'2.

1
^)2+ [^ - (d/2)]2}1'2

1
rP)2+ [FP+ (d/2)]2}«2_

^)
(X - Z,)2] ~

- (d/2)

(20)

.{(Z - Zpy + (X - Xpy + (Yp

_______ • Yp + (d/2)___
{ (Z - (X - [Yp + (d/2)]* (1/.J (22)

From the jet geometry, we see that the strength of the doublet
distribution, (JL, is given by

fJL =
5 Z U\}

COS0 { I - — — ——
4 \ 4 d0 UJQ.

cose

(23)

32

With the notation of Fig. 1, the induced velocity field at a
point P(£,?7,f) due to a doublet of strength n at (£,??,f) =
(0,0,0) is given by

['- r

(24)

(25)

(26)

in which HI, v\, wi} are the velocities in the directions (J, rj, f).
Now if we consider a jet element centered at (Xfi,Z), the
induced velocities dus, dvB, 8wp in the X, 7, Z directions at
apointP(Xp,Fp;Zp) are

dus = Ui smd + Wi cosd

dvB = —vi (27)

bwB = Ui cos0 — Wi sin0

in which HI, vi, Wi are given by Eqs. (24-26),

£ = (Xp - X) smd - (Z - Zp) cos0

-n = -YP (28)
r = (Xp - X) cos0 + (Z - Zp) smO

and /z is obtained from expression (23).
The total interference velocity at a point may be deter-

mined by integrating Eqs. (20-22) and Eq. (27) over the
extent of the jet giving the total induced sink and doublet
component velocities. These component velocities are then
summed to give the total interference velocity.



NOV.-DEC. 1967 PRESSURE DISTRIBUTION ON WING WITH JET EXHAUST 541

JET AT X/C ---• 0.5, (Y/^) =• 0

MAINSTREAM VELOCITY

Fig. 4 Jet-induced down wash for a rectangular wing of
aspect ratio 3.

Calculation of Surface Loading

The jet-induced velocity normal to a surface may be calcu-
lated using a lifting surface theory.11 The downwash W(X}
Y) at a point (XjY) on a lifting surface is equated to the wing
loading P(S) by the equation

W(X,Y)
U K(X,Y,S)P(S)dS (29)

The integral is over the wing surface, and K is the influence
function. The method used for solving Eq. (29) is to re-
place P(S) by a circular function expansion in the chord-
wise direction, and an algebraic expansion in the span wise
direction. A set of downwash control points (Xc, Ye) are
chosen. The influence function K(X,Y,S) and the double
series expansion for P(S) are then integrated, and a matrix
equation deduced. This equation

W = DA (30)

equates the downwash at the control points to the loading
coefficient matrix A and the influence matrix D, which is a
combination of the loading and influence functions. The
downwash associated with the loading must then be equal
and opposite to the induced downwash from the j et to satisfy
the boundary condition of no flow across the lifting surface.
The induced downwash normal to a surface containing a jet
is of an unusual form, as demonstrated in Fig. 4. To repre-
sent the chordwise downwash distribution satisfactorily for
the solution of Eq. (30), it is necessary to use a large number
of terms in the loading expansion. However, the numerical
accuracy of the procedure decreases with increase in the
number of loading terms. Thus it is necessary to compromise
between the two requirements. It was found that seven
chordwise modes and five spanwise modes gave the best
representation of the downwash distribution without losing
numerical accuracy.

In the method, more control points than terms in the load-
ing series are used so that the problem is overdeterminate.
The method of least squares is used to determine A so that
Eq. (30) becomes

A = {DTD}^DTW (31)

From the loading coefficient matrix A, it is possible to obtain
the induced velocities in the plane of the lifting surface. The
velocities induced by the lifting surface are added to the ve-
locities induced in the X direction by the jet to give the final
velocity distribution on the lifting surface. It is a simple
numerical computation to obtain the upper and lower surface
loading from the velocity distribution. A typical chordwise
loading distribution is shown in Fig. 5.

UPPER SURFACE .x/c

CHORDWISE STN

Fig. 5 Wing surface interference pressure distribution.

Experimental Investigation

The experimental part of the program was designed so that
the data obtained would either verify or contradict the model
of the flow used. A symmetrical, 10% thick, rectangular
wing of aspect ratio 3 was chosen for the test. The air, sup-
plied by a compressor, was passed through driers, oil filters,
and then through a circular pipe with a 0.8-in.-diam nozzle.
The model, having a span of 30 in., chord 10 in., was stationed
in the center of the 10- X 7-ft rectangular test section of
the low-speed tunnel, as shown on Fig. 6. The tunnel,
designed for laminar flow tests, provided continuously vari-
able airflow of uniform quality, the turbulence factor being
1.021.

The pressure distribution over the model was determined
by cutting pressure holes in the model surface and connecting
to an inclined manometer giving a scale magnification of

Fig. 6 Experiment arrangement.
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JET V E L O C I T Y T U N N K L VELOCITY SYMBOL
1117 FT/SEC i l l . 7 FT/SEC

430 FT/SEC 4:i FT/SEC

THEORY

UPPER SURFACE
LOWER SURFACE

A B
AEf

Fig. 7 Wing surface interference pressure distribution.

JET V E L O C I T Y T L ' N N K L VELOCITY SYMBOL

] 117 FT/SEC 111 .7 FT/SEC A

430 FT/SEC -43 FT'SEC Q

THEORY

UPPER S U R F A C E A El

LOWER SURFACE A" Ej"

Fig. 9 Wing surface interference pressure distribution.

5. The model was placed at zero lift, this position being
fixed by comparing static pressures on the upper and lower
surfaces.

Two jet velocities were chosen, and the tunnel run so that
the ratio of tunnel to jet velocity was the same in both cases.
Static pressure measurements were taken with the tunnel
running first with the jet on, and secondly with the jet off.
Comparison of the two sets of data then gave the jet inter-
ference pressure field on the wing surface.

Theoretical and Experimental Results

The comparison of test data with the theoretical calcula-
tions is shown in Figs. 7-13. The upper and lower surface
chordwise pressure distribution at a given spanwise station
is illustrated in Fig. 7, and the loading at a spanwise station
is illustrated in Fig. 8.

Linearized theory shows that the loading on a wing is dis-
tributed equally on the upper and lower surfaces of the wing.
However, in the problem under discussion, a further adjust-
ment is necessary before satisfactory correlation with test
data may be expected. The reason is that besides inducing
a velocity normal to the wing, the jet also induces a velocity
tangential to the wing surface that may be of the same order
of magnitude as the induced velocity, because of the lifting
effect of the wing. Thus, although this jet-induced tangential
velocity has only a minor effect on the wing loading, it may

JET VELOCITY
1117 FT/SEC
430 FT/SEC

T U N N E L VELOCITY
111.7 FT/SEC
43 FT/S EC-

SYMBOL
A
El

cause a significant change in the surface pressure field. That
there is a significant effect is illustrated in Figs. 7 and 8.
Figure 8 shows the wing loading at a spanwise station and
Fig. 7 shows that this loading is not distributed equally on
the upper and lower surfaces. This is accounted for in the
following manner. When the jet-induced down wash is put
into the lifting surface program as an effective camber, an
incremental Cp distribution is obtained. This is caused by
a velocity increment u induced on the upper surface and — u
on the lower surface, where the value of u can be computed
readily from the Cp. The jet also induces a velocity com-
ponent in the X direction at the wing surface, say u3-, which
is the same for both upper and lower surfaces. Thus the
actual loading predicted for the upper and lower surfaces is
due to a velocity, u + Uj, on the upper surface, and —u + u3-
on the lower surface. The theoretical calculations taking
into account the jet-induced tangential velocity are seen to
agree satisfactorily with the test data.

Figures 9-12 show results for other spanwise stations,
and again the agreement between theory and test data is
satisfactory, showing that the theoretical calculations do
account for the three-dimensionality of the problem.

Figure 13 shows the theoretical and experimental interfer-
ence spanwise loading. The theoretical predictions are
satisfactory, although it is noticed that the tendency is to
smooth out the loading which suggests that an improvement

JET VELOCITY
1117 FT/SEC

430 FT/SEC

TUNNEL VELOCITY
111 .7 FT/SEC
4:! FT/SEC

SYMBOL
A
Q

H——h

Fig. 8 Wing chordwise loading. Fig. 10 Wing chordwise loading.
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KX PERI ME.NT

JET V E L O C I T Y T U N N E L VELOCITY SYMBOL

—— THEORY

CD EXPERIMENT

Fig. 13 Span loading distribution.

will be very useful for determining the aerodynamic char-
acteristics of V/STOL models.

2) An improvement in the numerical procedure involved
in the lifting surface program will improve the theoretical
calculations.

Fig. 11 Wing surface interference pressure distribution.

in the numerical procedure employed in the lifting surface
program would improve the correlation.

Conclusions

1) The test data show satisfactory correlation with the
theoretical calculations, both for the surface pressure co-
efficients and for the wing loading. The model of the flow

Fig. 12 Wing chordwise loading.
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